




When designing machinery, we must first do a complete kinematic analysis of our
design, as described in Part I of this text, in order to obtain information about the accel-
erations of the moving parts. We next want to use Newton's second law to calculate the
dynamic forces. But to do so we need to know the masses of all the moving parts which
have these known accelerations. These parts do not exist yet! As with any design prob-
lem, we lack sufficient information at this stage of the design to accurately determine the
best sizes and shapes of the parts. We must estimate the masses of the links and other
parts of the design in order to make a first pass at the calculation. We will then have to
iterate to better and better solutions as we generate more information. See Section 1.5
(p. 7) on the design process to review the use of iteration in design.

A first estimate of your parts' masses can be obtained by assuming some reasonable
shapes and sizes for all the parts and choosing appropriate materials. Then calculate the
volume of each part and multiply its volume by the material's mass density (not weight
density) to obtain a first approximation of its mass. These mass values can then be used
in Newton's equation. The densities of some common engineering materials can be
found in Appendix B.

How will we know whether our chosen sizes and shapes of links are even accept-
able, let alone optimal? Unfortunately, we will not know until we have carried the com-
putations all the way through a complete stress and deflection analysis of the parts. It is
often the case, especially with long, thin elements such as shafts or slender links, that the
deflections of the parts under their dynamic loads will limit the design even at low stress
levels. In some cases the stresses will be excessive.

We will probably discover that the parts fail under the dynamic forces. Then we will
have to go back to our original assumptions about the shapes, sizes, and materials of
these parts, redesign them, and repeat the force, stress, and deflection analyses. Design
is, unavoidably, an iterative process.

The topic of stress and deflection analysis is beyond the scope of this text and will
not be further discussed here. It is mentioned only to put our discussion of dynamic force
analysis into context. We are analyzing these dynamic forces primarily to provide the
information needed to do the stress and deflection analyses on our parts! It is also worth
noting that, unlike a static force situation in which a failed design might be fixed by add-
ing more mass to the part to strengthen it, to do so in a dynamic force situation can have
a deleterious effect. More mass with the same acceleration will generate even higher
forces and thus higher stresses! The machine designer often needs to remove mass (in
the right places) from parts in order to reduce the stresses and deflections due to F = ma.
Thus the designer needs to have a good understanding of both material properties and
stress and deflection analysis to properly shape and size parts for minimum mass while
maximizing the strength and stiffness needed to withstand the dynamic forces.

10.4 MASS MOMENT AND CENTEROF GRAVITY

When the mass of an object is distributed over some dimensions, it will possess a mo-
ment with respect to any axis of choice. Figure 10-1 shows a mass of general shape in
an xyz axis system. A differential element of mass is also shown. The mass moment
(first moment of mass) of the differential element is equal to the product of its mass
and its distance from the axis of interest. With respect to the x, y, and z axes these are;



If the mass moment with respect to a particular axis is numerically zero, then that
axis passes through the center of mass (CM) of the object, which for earthbound sys-
tems is coincident with its center of gravity (CG). By definition the summation of first
moments about all axes through the center of gravity is zero. We will need to locate the
CG of all moving bodies in our designs because the linear acceleration component of
each body is calculated acting at that point.









10.8 CENTER OF PERCUSSION

The center of percussion is a point on a body which, when struck with a force, will have
associated with it another point called the center of rotation at which there will be a zero
reaction force. You have probably experienced the result of "missing the center of per-
cussion" when you hit a baseball or softball with the wrong spot on the bat. The "right
place on the bat" to hit the ball is the center of percussion associated with the point that
your hands grip the bat (the center of rotation). Hitting the ball at other than the center
of percussion results in a stinging force being delivered to your hands. Hit the right spot
and you feel no force (nor pain). The center of percussion is sometimes called the "sweet
spot" on a bat, tennis racquet, or golf club. In the case of our mallet example, a center of
percussion at the head corresponds to a center of rotation near the end of the handle, and
the handle is usually contoured to encourage gripping it there.

The explanation of this phenomenon is quite simple. To make the example two di-
mensional and eliminate the effects of friction, consider a hockey stick of mass m lying
on the ice as shown in Figure 1O-3a. Strike it a sharp blow at point P with a force F per-
pendicular to the stick axis. The stick will begin to travel across the ice in complex pla-
nar motion, both rotating and translating. Its complex motion at any instant can be con-
sidered as the superposition of two components: pure translation of its center of gravity
G in the direction ofF and pure rotation about that point G. Set up an embedded coordi-





where the radius of gyration k is calculated with respect to the axis ZZ through the CG.

Note that this relationship between the center of percussion and the center of rota-
tion involves only geometry and mass properties. The magnitude of the applied force is
irrelevant, but its location lp completely determines x. Thus there is not just one center
of percussion on a body. Rather there will be pairs of points. For every point (center of
percussion) at which a force is applied there will be a corresponding center of rotation at
which the reaction force felt will be zero. This center of rotation need not fall within the
physical length of the body however. Consider the value of x predicted by equation
IO.13b if you strike the body at its CG.

10.9 LUMPED PARAMETER DYNAMIC MODELS

Figure IO-4a shows a simple plate or disk cam driving a spring-loaded, roller follower.
This is a force-closed system which depends on the spring force to keep the cam and
follower in contact at all times. Figure 1O-4b shows a lumped parameter model of this
system in which all the mass which moves with the follower train is lumped together as
m, all the springiness in the system is lumped within the spring constant k, and all the
damping or resistance to movement is lumped together as a damper with coefficient c.
The sources of mass which contribute to m are fairly obvious. The mass of the follower
stem, the roller, its pivot pin, and any other hardware attached to the moving assembly all
add together to create m. Figure 1O-4c shows the free-body diagram of the system acted
upon by the cam force Fe, the spring force Fs, and the damping force Fd. There will of
course also be the effects of mass times acceleration on the system.

Spring Constant
We have been assuming all links and parts to be rigid bodies in order to do the kinematic
analyses, but to do a more accurate force analysis we need to recognize that these bodies



The total spring constant k of the system is a combination of the spring constants of
the actual coil spring, plus the spring constants of all other parts which are deflected by
the forces. The roller, its pin, and the follower stem are all springs themselves as they
are made of elastic materials. The spring constant for any part can be obtained from the
equation for its deflection under the applied loading. Any deflection equation relates
force to displacement and can be algebraically rearranged to express a spring constant.
An individual part may have more than one k if it is loaded in several modes as, for ex-
ample, a camshaft with a spring constant in bending and also one in torsion. We will dis-
cuss the procedures for combining these various spring constants in the system together
into a combined, effective spring constant k in the next section. For now let us just as-
sume that we can so combine them for our analysis and create an overall k for our lumped
parameter model.

Damping

The friction, more generally called damping, is the most difficult parameter of the three
to model. It needs to be a combination of all the damping effects in the system. These
may be of many forms. Coulomb friction results from two dry or lubricated surfaces
rubbing together. The contact surfaces between cam and follower and between the fol-
lower and its sliding joint can experience coulomb friction. It is generally considered to
be independent of velocity magnitude but has a different, larger value when velocity is
zero (static friction force Fst or stiction) than when there is relative motion between the
parts (dynamic friction Fd). Figure 1O-5a shows a plot of coulomb friction force versus
relative velocity v at the contact surfaces. Note that friction always opposes motion, so





If we combine these three fonus of damping, their sum will look like Figure 1O-5d
and e. This is obviously a nonlinear function. But we can approximate it over a reason-
ably small range of velocity as a linear function with a slope c which is then a pseudo-
viscous damping coefficient. This is shown in Figure 1O-5f. While not an exact method
to account for the true damping, this approach has been found to be acceptably accurate
for a first approximation during the design process. The damping in these kinds of me-
chanical systems can vary quite widely from one design to the next due to different ge-
ometries, pressure or transmission angles, types of bearings, lubricants or their absence,
etc. It is very difficult to accurately predict the level of damping (i.e., the value of c) in
advance of the construction and testing of a prototype, which is the best way to determine
the damping coefficient. If similar devices have been built and tested, their history can
provide a good prediction. For the purpose of our dynamic modeling, we will assume
pseudo-viscous damping and some value for c.

10.10 EQUIVALENT SYSTEMS

More complex systems than that shown in Figure 10-4 (p. 501) will have multiple mass-
es, springs, and sources of damping connected together as shown in Figure 10-9. These
models can be analyzed by writing dynamic equations for each subsystem and then solv-
ing the set of differential equations simultaneously. This allows a multi-degree-of-free-
dom analysis, with one-DOF for each subsystem included in the analysis. Koster[2]
found in his extensive study of vibrations in cam mechanisms that a five-DOF model
which included the effects of both torsional and bending deflection of the camshaft, back-
lash (see Section 10.2, p. 492) in the driving gears, squeeze effects of the lubricant, non-
linear coulomb damping, and motor speed variation gave a very good prediction of the
actual, measured follower response. But he also found that a single-DOF model as shown
in Figure 10-4 gave a reasonable simulation of the same system. We can then take the
simpler approach and lump all the subsystems of Figure 10-9 together into a single-DOF
equivalent system as shown in Figure 10-4. The combining of the various springs, damp-
ers, and masses must be done carefully to properly approximate their dynamic interactions
with each other.






























